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Abstract
The transmission of electric ﬁelds in the lower atmosphere by thunder clouds with a suitable charge distribution proﬁle has been modeled. The electromagnetic responses of the atmosphere are presented through Maxwell’s equations together with a time-varying source
charge distribution. The conductivities are taken to be exponentially graded function of altitude. The radial and vertical electric ﬁeld
components are derived for isotropic, anisotropic and thundercloud regions. The analytical solutions for the total Maxwell’s current
which ﬂows from the cloud into the ionosphere under DC and quasi-static conditions are obtained for isotropic region. We found that
the eﬀect of charge distribution in thunderclouds produced by lightning discharges diminishes rapidly with increasing altitudes. Also, it is
found that time to reach Maxwell’s currents a maximum is higher for higher altitudes.
Ó 2017 COSPAR. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Electriﬁed clouds and lightning play important role in
the global electric circuit. The vertical component of the
electric ﬁeld relates to the global electric circuit while the
horizontal component concerns the electrical coupling
between the lower atmosphere and the ionized Earth’s
environment. A recent actively discussed problem is concerned with the electric currents and ﬁelds generated in
the atmosphere above a thundercloud. Vertical coupling
between troposphere and lower ionosphere by electric currents and ﬁelds for diﬀerent situations has been addressed
(Singh et al., 2004; De et al., 2009; Tonev and Velinov,
2016a, 2016b; Tonev, 2017). The parameters aﬀect diﬀerent
scales in global electrical circuit: the electric currents contribute to the ionospheric potential, and at local scale the
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electric ﬁelds can cause electron heating and other eﬀects
in mesosphere and lower ionosphere. Cosmic ray variation
eﬀects on the parameters of the global atmospheric electric
circuit have also been reported (Mateev and Velinov,
1992).
The distributions of electric charge in the electriﬁed
clouds introduce important eﬀects in the ionosphere and
into the region between the ionosphere and the Earth
(Wilson, 1925; Hegai and Kim, 1990; MacGorman and
Rust, 1998; Rakov and Uman, 2003). The electrical properties of the medium are changed greatly between thundercloud altitudes and the magnetosphere (Nickolaenko and
Hayakawa, 1995; Greiﬁnger and Greiﬁnger, 1976). Various
models are there to examine the electrical coupling between
the Earth’s upper and lower atmosphere (Velinov and
Tonev, 1995a; Taranenko et al., 1993). The main sources
of electric current in these regions are the thunderstorms
which are randomly distributed in geographic areas (De
et al., 2008; Velinov and Tonev, 1995a; Zhaofeng et al.,
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1998). During lightning discharges thundercloud charge
changes rapidly and there are few modeling studies of
quasi-static electric ﬁelds during such conditions (Pasko
et al., 1995; Velinov and Tonev, 1995b; Rycroft and Cho,
1998; Tonev and Velinov, 2007). The electric currents
above thundertsorm after a cloud-to-ground lightning discharge have also been proposed (Hale and Baginski, 1987;
Velinov and Tonev, 2008; Mallios and Pasko, 2012; Janski
and Pasko, 2014).
During sudden removal of thundercloud charge at low
latitude due to lightning discharges, the quasielectromagnetic ﬁelds are supposed to heat up the mesospheric electrons producing ionization and light (red sprite
type of discharges). Strong lightning discharges associated
with the sprites excite ULF transients and Schumann resonance bursts, which are impulsive events (Sorokin and
Yaschenko, 1988; Fukunishi et al., 1997; Shalimov and
Bösinger, 2006).
DC electric ﬁelds and currents above electriﬁed clouds
are studied by taking conductivity for both isotropic and
anisotropic region of ionosphere with vertical magnetic
ﬁeld lines (Park and Dejnakarintra, 1973; Denisenko
et al., 2013). Holzworth et al. (1985) modeled the conductivity proﬁles in the middle atmosphere above a nighttime
thunderstorm. There are also few model studies of DC electric currents and ﬁelds by non-vertical magnetic ﬁeld orientation in general (Kabirzadeh et al., 2015) and speciﬁcally
for equatorial latitudes (Tonev and Velinov, 2002, 2003,
2016a, 2016b).
The galactic cosmic rays determine and modulate the
electrical conductivities in the lower ionosphereatmosphere system. Thus, the modeling of the electric ﬁelds
is substantial for the coupling between the atmosphere and
the ionosphere, and for solar-terrestrial relationships. A
model for the penetration of DC thundercloud electric ﬁeld
in these regions has been presented in this paper which
deals with the electromagnetic responses of the atmosphere
simulated through Maxwell’s equations together with a
time-varying source charge distribution (Inan, 1990;
Jones, 1970) and few unaddressed expressions are derived
for the following regions: (1) isotropic (2) anisotropic and
(3) thundercloud region.
The modiﬁed ellipsoidal-Gaussian distribution of the
charge in the electriﬁed cloud is adopted in this work.
The conductivity proﬁle of the medium is taken to be
isotropic below 70 km height and anisotropic above
70 km. The Earth’s surface is considered to be perfectly
conducting. A general form of equation representing
the thundercloud electric ﬁeld component is deduced.
Such representation is more appropriate than the representations of a thundercloud by monopole, dipole and
tripole models. In the upper atmosphere, the varying
electric ﬁelds are obtained though, in this model, axial
symmetry of thundercloud charge distribution is
considered.

In this work, we obtain analytical solutions for the electric ﬁeld and the total Maxwell’s current that ﬂow from the
cloud into the ionosphere under DC and quasi-static conditions, taking into account the spatial distribution and
temporal behavior of the cloud electric charge. In the
study, arbitrary inclination of the geomagnetic ﬁeld lines,
which is the actual case at diﬀerent latitudes, are considered. Most previous studies in this area were based on
the assumption for vertical orientation of geomagnetic ﬁeld
lines.
2. Mathematical formulation and solutions
The transmission of electric ﬁeld due to thunderclouds
has been investigated through the following equations
written in cylindrical coordinates ðr; u; zÞ where axis z is
vertical and r is the radial distance from the cloud charge
center:
r2 U ¼

qT ðr; zÞ
at 0 6 z 6 zE
e0

ð1Þ

r:j ¼ 0 at 0 6 z 6 zL

ð2Þ

 at zU < z < zI
j ¼ r0 E

ð3Þ

  r2 E
  ^e0 þ js at zI 6 z 6 zE
 e0 Þ^eo þ r1 E
j ¼ ðr0  r1 ÞðE:^
ð4Þ
js ¼ QðtÞ dðrÞnðz  ze Þ^es
2p r

ð5Þ

U is the electric potential of the electric ﬁeld of the electriﬁed cloud; qT , total charge which follows ellipsoidal
Gaussian distribution given later; e0 , the free space permittivity; ~
js , the source current density assumed to gen
erate a charge center at the height zC in the cloud; E,
electric ﬁeld of the electriﬁed cloud; r0 ; r1 ; r2 , the longitudinal, Pedersen and Hall conductivities respectively;
^e0 , the unit vector in the direction of the external magnetic ﬁeld; Q(t), the source function which gives the
total current injected at time t; n and d, the unit Heaviside and Dirac function (Tonev and Velinov, 1996); ^es ,
the vertical unit vector; z ¼ 0, chosen to be the surface
level; z, the axis of symmetry of the charge density distribution; zE , the height between 100 km and 120 km; zL
and zU are the lower and upper boundaries of the electriﬁed cloud. The electric conductivity is isotropic in the
atmospheric region (0, zI ), zI = 70 km and anisotropic
above z ¼ zI . Schematic heights above the surface of
the Earth are given in Fig. 1. Electrical conductivity,
neutral temperature and electron number density proﬁles
of the Earth’s atmospheric regions pertinent to this
problem is given in Fig. 2 (Singh et al., 2004).
The radial and vertical electric ﬁeld components are
Er ¼ 

@U
@U
and Ez ¼ 
:
@r
@z

ð6Þ

S. Paul et al. / Advances in Space Research 60 (2017) 1891–1897

1893

Fig. 1. Diﬀerent current parameters involved within the distribution in cloud charge along with the schematic locations of various zones of the upper
atmospheric region above the surface of the Earth. Discontinuity of longitudinal conductivity occurs at z ¼ zL and z ¼ zU .
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Fig. 2. Atmospheric electric conductivity, temperature and electron
number density proﬁle (Singh et al., 2004).

2.1. Isotropic region (0 < z < zL , and zU < z < zI )
In this region, Eq. (2) yields,
rðr1 Þ:rðr2 Þ þ r1 r2 U þ rðr2 Þ  ðrU  ^e0 Þ
þ r2 r:ðrU  ^e0 Þ þ r:js ¼ 0

@U
@U
^er þ
^ez
@r
@z


1 @
@
ðraÞ þ ðrbÞ
r:^e0 ¼
r @r
@z
rðr1 Þ ¼

@r1
@r2
^ez ; rðr2 Þ ¼
^ez
@z
@z

Thus, Eq. (7) takes the form,

For isotropic region, 0 < z < zL , r0 ¼ r1 ¼ C 1 expðhz Þ
Here, h is normalizing scaling height and C 1 is arbitrary
constant.
Solution of this equation is obtained as
Z /
Uðr; zÞ ¼
J 0 ðrkÞ½ai ðkÞ expðc1 zÞ þ bi ðkÞ expðc2 zÞdk ð10Þ
0

ð7Þ

Now, ^e0 ¼ aðr; zÞ^er þ bðr; zÞ^ez and let r:js ¼ f ðzÞ, a and b
are the representing terms for vertical dispersions of the
charge density.
)rU ¼

ð9Þ

Now, i ¼ 0 for 0 6 z 6 zL and i ¼ 1 for zU 6 z 6 zI
where J0(rk) is the Bessel function of zero-th order.
"sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
#
1
1
k
h1
2
þ

þk þ
c1 ; c2 ¼ 
2
2h1
k  ct h1  h0
ð2h1 Þ
With h0 , h1 the corresponding scale heights.
Hence, electric ﬁelds Er and Ez have been derived from
Eq. (10) as
Z 1
@U
¼
Er ¼ 
kJ 1 ðrkÞ½ai ðkÞ expðc1 zÞ þ bi ðkÞ expðc2 zÞdk
@r
0
ð11aÞ
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Ez ¼ 

@U
¼
@z

Z

1

J 0 ðrkÞ½c1 ai ðkÞ expðc1 zÞ þ c2 bi ðkÞ expðc2 zÞdk

0

ð11bÞ
where J 1 ðrkÞ is the Bessel function of ﬁrst order.
The variation of the ﬁeld component values for diﬀerent
heights can be evaluated with these results. The upward
Maxwell current can be calculated by using the transient
electric ﬁeld. In cylindrical coordinates, the Maxwell’s current through the horizontal cross-section at altitude z is
determined from:
Z
ðJ ÞMaxwell ¼ 2p
0

1



@Ez
rEz þ e
dr
@t

Also Eq. (8) thus yields
zi @ 2 U
z @ 2 U
@2U r h
1

exp
þ
exp

@r2 a
l @r@z
l @z2

 2


1
r 1
1
z
@ U
þ 
 exp
r 2a h1 h0
l
@z2


z @U
1
r 1
1
þ 
 exp
r 2a h1 h0
l
@r





1 r
z
r @U
þ gðr; zÞ ¼ 0
þ
þ
exp

h0 a
l
a @z

ð13Þ

ð12Þ
the solution has been obtained as

The vertical component Ez of the electric ﬁeld is studied in
this work as dependent on time.

Z
Uðr; zÞ ¼ ½f ðzÞn


2.2. Anisotropic region (zI 6 z 6 zE )

þ

Above 70 km height, the conductivity is tensorial in nature
(Fullekrug
and
Sukhorukov,
1999).
For
110 < zE < 125 km, the longitudinal conductivity r0
becomes very large compared to transverse conductivities.
For the anisotropic region,
 
 
z
z
r0 ¼ C A exp
; r1 ¼ C A exp
h0
h1

/


J 0 ðrkÞfAðkÞI n ½kf ðzÞ þ BðkÞK m ½kf ðzÞg

0



k2
2
r þ 2 J 0 fkf ðzÞg  k dk
rk
2

ð14Þ



h1
z  zI
2h1 h0
h2
; f ðzÞ ¼ g exp 
þ 1
n¼
rk ; g ¼
hp  h0
g
h1  h0 h0
where AðkÞ, BðkÞ are the corresponding coeﬃcients of In
and K m respectively with rk , hp and g are the necessary
substituitions.
Hence, electric ﬁelds Er and Ez have been derived as



z
@r0 r0 r0
z
z
¼ ; ¼ exp

¼ exp
h0 hl
l
@z
z r1

Z 1
@U
n
¼
½f
ðzÞ
Er ¼ 
kJ 1 ðrkÞfAðkÞI n ½kf ðzÞ
@r
0
þ BðkÞK n ½kf ðzÞgdk

@r r1 1
1
1
¼ ; ¼ 
@z z1 l h0 hl



Z 1
@U
z  z1
¼ nðz  zI Þ exp 
Ez ¼ 
J 0 ðrkÞ
½f ðzÞn1
@z
g
0

where C A is also arbitrary constant.

where h0 , h1 and hl are the corresponding scale heights.
When Earth’s magnetic ﬁeld be considered,
aðr; zÞ ¼ 
bðr; zÞ ¼ 

þ ða þ zÞ

2

gfr2

½fr2

þ ða þ zÞ

2

gfr2

1
2

2.3. Thundercloud region (zL 6 z 6 zU )
The charge is assumed to have an ellipsoidal Gaussian
distribution given by Eq. (5).

the

approximation

Hence; qT ¼ qmodel þ qS
 2

r
ðz  z0 Þ
Where qmodel ¼ c exp 2 
; zL 6 z 6 zU
a
b2
QðtÞ
dðrÞnðz  z0 Þ; 0 6 z 6 zU ;
2p r
z0 ¼ ðzL þ zU Þ=2:

ð16Þ
ð16aÞ

and qS ¼

bðr; zÞ  1
¼ @b
¼ 0, a2 ¼ 0;
@z

2

ð15bÞ

þ 4ða þ zÞ g

@a
1
@a
r
¼
;
¼
0
@r
2ða þ zÞ @z 2ða þ zÞ2
@b
@r

1
2

þ BðkÞkf 0 K n1 ½kf ðzÞgdk

2

where a is the radius of the Earth.
Since ða þ zÞ  r, we use
r
aðr; zÞ   2ðaþzÞ

Thus,

2

þ 4ða þ zÞ g

r þ 2ða þ zÞ
2

 fAðkÞI n ½kf ðzÞ þ BðkÞK n ½kf ðzÞgdk
Z 1
n
þ ½f ðzÞ
J 0 ðrkÞfAðkÞkf 0 ðzÞI n1 ½kf ðzÞ
0

rða þ zÞ
½fr2

ð15aÞ

b2 ¼ 1

ð16bÞ
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c is the normalization constant. The charge is higher for
small a2 and b2 . The maximum density is reached at
r ¼ 0; z ¼ z0 .
For the thundercloud region, zL 6 z 6 zU
Z /
Un ðr; zÞ ¼
J 0 ðkrÞ½CðkÞ expðkzÞ
0

þ DðkÞ expðþkzÞ þ tðz; kÞdk

ð17Þ

where CðkÞ ¼ aðkÞ bðkÞ, DðkÞ ¼ aðkÞ c ðkÞ and tðz; kÞ is
function of z and k.
Hence electric ﬁelds around the electriﬁed cloud,
zL 6 z 6 z U
Z 1
@U
¼
Er ¼ 
kJ 1 ðrkÞ½CðkÞ expðkzÞ þ DðkÞ expðþkzÞ
@r
0
þ tðz; kÞdk
ð18aÞ
Z 1
@U
¼
Ez ¼ 
J 0 ðrkÞ½kCðkÞ expðkzÞ þ kDðkÞ expðþkzÞ
@z
0
 t0 ðz; kÞdk
ð18bÞ
where J 1 ðrkÞ is the Bessel function of ﬁrst order and t0 ðz; kÞ
is the ﬁrst order diﬀerentiation of tðz; kÞ with respect to z.
3. Results and discussions
Committee on Space Research International Reference Atmosphere (CIRA) data are used in the computation. For our geographical position Kolkata (22.56°
N, 88.5°E) and at the isotropic region of the atmosphere, the values of the electron densities, neutral
particles, and ion and electron temperatures are taken
from this model. Diﬀerent conductivity parameters are
taken from the conductivity proﬁle shown in Fig. 2
(Singh et al., 2004). MATLAB programs are used to
calculate the values of vertical electric ﬁelds (Ez) and
ðJ ÞMaxwell within the medium for some speciﬁc altitudes
given below. The output of our program is plotted
through Origin 5.0.
Total Maxwell’s current ðJ ÞMaxwell as a function of time
above a thundercloud is depicted in Fig. 3, diﬀerent heights
as parameters within the isotropic region. Five diﬀerent
altitudes at 17, 20, 30, 40 and 60 km above the upper
boundary of the electriﬁed cloud are chosen for computation of ðJ ÞMaxwell to understand how the magnitude of current varies with altitudes. The results relate to a time period
after having a lightning discharge. At 17 km height, total
Maxwell current reaches its maximum 44 A within a very
short time of 0.002 s, i.e., 2 ms from the initiation of a lightning discharge while at 60 km height, it takes 7 ms to reach
15 A of current. Thus, it has been found that time to reach
currents a maximum is higher for higher altitudes though
the response is very fast.
Variations of vertical electric ﬁelds (Ez) due to cloud
charge distribution at Kolkata are shown in Fig. 4. Source
heights are chosen at 4 km (near lower boundary of electriﬁed cloud charge) and another at 10 km (near upper

Fig. 3. Variation of Maxwell current ðJ ÞMaxwell at diﬀerent altitudes within
the isotropic region. Time to reach currents a maximum is higher for
higher altitudes which are marked in the plot. Five diﬀerent altitudes
above the upper boundary of the electriﬁed cloud are chosen for
computation.

boundary of electriﬁed cloud charge). Fields (Eq. (11b))
are computed in isotropic region. Maximum values of electric ﬁelds obtained are 48 and 66 Vm1 when source are at
4 km height and ﬁeld points of computation/observations
15 and 20 km, respectively. When ﬁeld points are chosen
at 30 and 60 km heights for source at 10 km, then those values are obtained as 24 and 0.65 Vm1 respectively. Thus,
eﬀect of charge distributions due to lightning diminishes
rapidly while altitude increases.
4. Conclusion
Introducing a time-varying realizable charge distribution in the form of modiﬁed ellipsoidal-Gaussian conductivity proﬁle, a model for the electric ﬁeld components
around a charged cloud have been considered in this work.
The equations for electric potential and ﬁeld components
at diﬀerent heights of the atmosphere are derived. Also,
analytical solutions of the total Maxwell’s current under
DC and quasi-static conditions have been worked out.
Data from CIRA and other published work are used in
computation technique through MATLAB and outcome
have been presented through Origin. Total Maxwell current is found to be time dependent and the response is very
fast within the isotropic region of the atmosphere. Variations have been found within 2 to 7 ms up to 70 km altitude. On the otherhand, solutions for vertical electric
ﬁelds are determined for sources located at two diﬀerent
heights, one near lower boundary of electriﬁed cloud
charge (4 km) and other near upper boundary of electriﬁed
cloud charge (10 km) and we found that magnitude of
ﬁelds reduces rapidly with increasing altitudes.
Thus, it can be concluded that thunderclouds are the
important sources of localized electric ﬁelds in the lower
atmosphere. These electric ﬁelds can initiate ﬁeld-aligned
electron density irregularities in the ionosphere which is
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Fig. 4. Variations of electric ﬁelds at Kolkata (22.56°N, 88.5°E) Source heights are chosen at 4 km (near lower boundary of electriﬁed cloud charge) and
another at 10 km (near upper boundary of electriﬁed cloud charge). Fields are computed in isotropic region. Maximum values are 48, 66, 24 and 0.65 V/m
respectively.

dependent on the charge distribution. Coupling between
the troposphere and the ionosphere is critically dependent on the height variations of electrical conductivity.
Rigorous studies regarding this coupling between
isotropic and anisotrpic regions will be contemplated
in next work.
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